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A mathematical model was de®eloped to represent the effect of tortuous trajectory
and irregular step length on gas diffusion in porous media, and then it was conformed
by analyzing the experimentally determined flux with respect to 19 groups of binary gas
mixtures in a porous catalyst pellet. Based on the analysis of actual diffusing distance
within porous media, the diffusing trajectory of gas molecules was characterized into
fractal cur®es, leading to a no®el flux equation of binary gas mixtures. The established
model represented the tortuous structure by the only model parameter the fractal dimen-
sion of diffusion trajectories d . A yardstick was de®ised to account for the influence ofF
pore size, diffusing species, temperature and pressure on the trajectory length of gas
diffusion. The size of the yardstick � could be found after diffusing species, temperature
and pressure were specified for a gi®en porous medium. The fitting between the experi-
mentally determined flux and the model equation resulted in a fractal dimension of
1.102. It was e®ident that the model prediction was in fairly good agreement between the
experimental results in the literature and those of the study, and the irregular degree of
diffusing trajectory is much less than that of the pore surface. Detailed comparison with
the traditional treatment by the tortuosity factor demonstrated that the methodology
established here would be especially significant for ®ery tortuous pore systems.

Introduction

Diffusion is one of the most ubiquitous phenomena in na-
ture. Gas diffusion in porous media is of particular impor-
tance to a variety of disciplines because the overall rate of
processes may be decisively influenced by diffusive mass

Ž .transfer Karger, 2002 . The prediction of gas diffusion in
porous media is one of the fundamental problems in adsorp-
tion, membrane-, and solid-catalyzed reaction processes. A
number of publications have shown that many physical and
physicochemical processes that occur in porous media are
significantly influenced by the porous structure, including
both the topology of the pore network and the morphology of

Žthe pores Sahimi et al., 1990; Hollewand and Gladden, 1992;
Coppens and Froment, 1995a,b; Mougin et al., 1996 a; Cus-

.sler, 1997; Sheintuch, 1999, 2000 . For a membrane- or solid-
catalyzed reaction, molecules diffuse through the pore net-
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work, collide with other molecules or pore walls, and react at
active sites on the pore surface. Thereupon, the topology of
the pore network and the morphology of the pores influence
the lumped performance of diffusion and simultaneous reac-
tion in porous catalysts. On the other hand, the interaction
between diffusion and reaction can be large and dramatic,
which depends on the ratio of the two individual speeds. The
overall rate is closely related to the porous structure in na-

Žture Hollewand and Gladden, 1992; Cussler, 1997; Fogler,
.1999 .

There are two categories of models for describing diffusion
and reaction in porous catalysts: continuum models and net-
work models. Continuum models included a porous catalyst
pellet as a continuum with porous space. The gas diffusion in
this ‘‘porous continuum’’ was described by using the effective
diffusion coefficient in Fick’s law. In this ‘‘effective’’ way of
treatment, pores were commonly assumed to be straight
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Žcylinders Hollewand and Gladden, 1992; Coppens and Fro-
.ment, 1994 . As for network models, the topology of the pore

network was taken into account, but in almost all published
articles the morphology of individual pores was still supposed
to be Euclidean for the purpose of simplification in simula-
tions. Until now, only a few articles have dealt with diffusion,
or diffusion and simultaneous reaction in porous catalysts in-
cluding the morphology of the pore andror its surface
ŽMichaels, 1959; Scott and Dullien, 1962; Eldridge and Brown,
1976; Nakano et al., 1987; Coppens and Froment, 1994;
Sheintuch, 1999, 2000; Malek and Coppens, 2001; Sapoval,

.2001 .
Fractal geometry has been utilized widely to characterize

the irregular morphology of natural and artificial objects for
Žthe two decades since it was introduced Mandelbrot, 1983;

.Avnir, 1989 . Analytical and numerical investigations of diffu-
sion and reaction in porous fractal catalysts have shown that
mass fractals differ in their behaviors from pore fractals. One
unique behavior of diffusion and reaction in pore fractals is
the existence of an intermediate low-slope asymptote
ŽSheintuch and Brandon, 1989; Giona et al., 1996; Mougin et
al., 1996b; Gavrilov and Sheintuch, 1997; Sheintuch, 1999,

.2000 . In the intermediate domain the fractal�catalyst activ-
ity is higher than that of the porous catalyst of uniform pores
having similar porosity and surface area. The qualitative and
quantitative differences between fractal- and uniform-pore
catalysts gave rise to the conclusion that the concentration
field, the reaction and deactivation rates, as well as selectivity
should be remarkably different in those two catalysts. In a

Žseries of publications by Coppens and Froment 1994, 1995
.a,b, 1996 , the irregular pore surface and tortuous pore axis

were both taken into consideration, where the fractal analy-
ses together with interpretation of the experimental data in
the literature showed that the pore morphology had a strong
influence on diffusion and reaction in porous fractal cata-
lysts. From this they reached the conclusion that Fick’s first
law has to be modified to account for the pore tortuosity in
porous catalysts, except that the fractal pore axis is being em-
ployed.

Traditionally, the tortuous degree was accounted for by a
parameter called the tortuosity factor in the effective diffu-

Žsion coefficient Satterfield, 1970; Cussler, 1997; Fogler,
.1999 . Up to now, many theoretical and experimental investi-

gations have revealed that the tortuosity factor of porous cat-
alysts is related to many factors, such as the topology of the
pore network, the morphology of the pores, diffusion species,
operational temperature and pressure conditions, and even

Žthe Thiele modulus Hollewand and Gladden, 1992; Coppens
.and Froment, 1994, 1995b; Zhang, 2001 . The experimentally

and theoretically determined values of tortuosity factors are
Žvery scattered Satterfield, 1970; Hollewand and Gladden,

.1992; Cussler, 1997 . It was almost impossible to clarify the
physical significance of the tortuosity factor, because it
lumped too many influencing factors. Therefore, it was often
considered as an empirical parameter and was determined by
measuring diffusion flux for various species and then finding
the average. This method was only an approximation treat-
ment. In short, the tortuosity factor is not an ideal parameter
to represent the tortuous degree of the pores with regard to

Ž .diffusion in porous media Coppens and Froment, 1995a .
ŽWhatever model either a continuum model or a network

.model is being used to describe diffusion in porous media,

quantitative characterization of the irregularity of the pore
shape is a prerequisite. Unfortunately, so far there is very
limited information on this aspect, especially from the experi-
mental point of view. The scope of the present study is to
develop a mathematical model based on fractal geometry to
predict gas diffusion of binary systems in porous catalysts.
The fractal dimension of the diffusion trajectory will be used
to account for the tortuous degree of the pores with regard
to gas diffusion across the whole catalyst pellet, in order to
replace the empirical tortuosity factor. As the only model pa-
rameter here, the fractal dimension is a measure of the tortu-
ous degree of the pore structure with respect to gas diffusion,
and its value should be in the range of 1Fd �2. The actualF
pore length of gas diffusion traversed by different molecules
is going to be measured by means of corresponding yardstick
sizes related to both the properties of gas mixtures and the
pore-size distribution. The validity of the proposed method-
ology will be examined by detailed comparison with experi-
mental data. Here, the existence of fractal trajectory with re-
spect to gas diffusion in porous media will be verified by both
theoretical and experimental investigations.

Mathematical Model
Mean free path and yardstick size of measuring pore length

According to the kinetic theory of statistical thermodynam-
ics, a collision takes place when one molecule moves into the
local force field of another molecule. The average distance
that molecules travel between collisions is called the ‘‘mean
free path’’. It is the average step length, if molecules are
imagined to jump in steps. The mean free path is related to
many variables, such as the properties of molecules, and the
temperature and composition of the system. Once the mean
free path and the density of molecules are known, the coeffi-
cients of momentum, heat, and mass transfer can be esti-

Ž .mated in terms of kinetic theory Tien and Lienhard, 1979 .
Besides the basic kinetic hypothesis for ideal gases, the

idealization of molecular size is also assumed here. If the
molecules are considered as spherical with diameter � , when
a mixture of ideal gases consists of n species and all molecules
move about with a Maxwellian velocity distribution, then the

Žmean free path of the jth species is expressed as Tien and
.Lienhard, 1979

1
� s 1Ž .j 2� n � MrM q1'Ý i ji j iž /

i

where

p y Pi i
n s si k T k TB B

and

� s � q� r2Ž .ji j i

For a binary gas mixture of species A and B, Eq. 1 is re-
duced to

k TB
� s 2Ž .A 2 2'2 y P�� q y P�� 1qM rM'A A B AB A B
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Figure 1. The boundary that molecules can reach at
each step of walking under the restriction of
the pore wall.

Consider a gas mixture that is in steady axial motion in a
cylindrical pore and put the system into the circular cylindri-
cal coordinates, as shown in Figure 1. The molecules collide
with either another molecule or the pore wall that keeps the
molecules inside the pore. The moving direction of a molecule
is altered after it collides with another molecule or the pore
wall. The molecules colliding with the pore wall are momen-
tarily adsorbed and then escape from the wall surface in ran-
dom directions. Suppose a molecule is at position G at an
instant of time, it can move in a straight line until it encoun-
ters either the pore wall at a point such as W or another
molecule at a point such as Q. Both the same species and

Ždifferent species molecules collide with each other Jackson,
.1977 .

Momentum transfer is accompanied when collisions be-
tween molecules or between a molecule and the pore wall
occur. A given species may lose its momentum in the axial

Ž .direction by 1 direct transfer to the pore wall due to
Ž .molecule�wall collisions, 2 transfer to another species re-

sulting from collisions between different species of molecules,
Ž .or 3 indirect transfer to the pore wall by way of a sequence

of m olecule-m olecule collisions term inating in a
molecule�wall collision. The flux relations can be deduced
according to each of these mechanisms of momentum trans-

Ž .fer via pressure-drop calculations Jackson, 1977 . What most
concerns us here is not the momentum transfer but the aver-
age step length, named the yardstick size, to be utilized to
measure the actual pore length when a molecule diffuses
through the pore.

Let us imagine that the molecules jump through the pore
like hard balls bouncing along a tube. The average step length
between each collision within a pore depends on both the
mean free path and the pore structure, as stated earlier. For
a given porous medium, the pore structure is certain, and, in
this case, the average step length changes with the mean free
path of the molecule. As shown in the next section, if the
pores of porous media are characterized by a set of fractal
curves, the length of the pore varies with the yardstick size
used for length measurement. Hence, both the mean free path

of involved species and the characteristics of the porous cata-
lyst used influence the result of pore-length measurement
with respect to gas diffusion. The tortuous structure of a
porous catalyst can be quantified by a fractal scaling relation.

Suppose the radius of the pore is r, then in the circular
cylindrical coordinates the pore’s inner surface can be mathe-
matically described by

X 2qY 2s r 2 3Ž .

Assume that one molecule of species A is in the position
Ž .of G X ,Y ,0 . Before the next collision occurs, the trace sur-0 0

face that the molecule could reach without the obstruction of
the pore wall would be spherical, which is mathematically ex-
pressed by the following equation

2 2 2 2Xy X q YyY qZ s� 4Ž .Ž . Ž .0 0 A

Because of the existence of the pore wall, the volume sur-
rounded by the two curved surfaces just determined is the
space the molecule may reach before a new collision with
another molecule or the pore wall happens. The average step
length from the point G can be calculated by way of this
enclosed space, that is

3'� s 3Vr2� 5Ž .G

where V is the enclosed volume, which can be calculated by
the integral equation as follows

2 22'Vs dVs � y Xy X y YyY dX dY 6Ž .Ž . Ž .HHH HH A 0 0
V S

It is worth noting here � is only the average step lengthG
with regard to point G, that is, a point average. If the entire
point on the same cross section is considered, the average
step length should be the average over the summation of the
average step lengths at all the possible points on the cross
section of radius r, that is, a cross sectional average. It should
be

1
� s � dX dY 7Ž .HHA G 0 02� r S

This is the cross-sectional average step length. As for the
porous media with a uniformly distributed pore size, this will
be the total average step length throughout the pore system.
As shown in the next subsection, � is going to be used toA
measure the actual length of the pore when the molecules of
species A diffuse through the pore bathed in the gas mixture
of A and B, leading to a new flux relation.

The assumption of cylindrical pores needs to be tested for
Ž .its validity. Recently, Sapoval et al. 2001 used the concept

of active zone to model the diffusion and reaction in porous
catalysts. Their findings indicate that the effect of the irregu-
lar geometry of pores is to modify the effective reactivity, but
not the diffusion transport coefficient. Furthermore, the ef-
fect of pore surface roughness on self- and transport diffu-

December 2003 Vol. 49, No. 12AIChE Journal 3039



sion in porous media in the Knudsen regime was studied by
means of dynamic Monte Carlo simulations in three-dimen-

Ž . Ž .sional 3-D rough pores Malek and Coppens, 2001 . They
Žreached the conclusion that transport diffusion the diffusion

.under the influence of a concentration gradient in rough
pores should be related to the concentration gradient over
the pore and the average pore cross section, but not the wall
surface irregularity. Thus, the assumption of cylindrical pores
is reasonable. And the calculation based on the average pore
diameter is also acceptable because of the close relevancy of
gas diffusion to the average pore cross section.

Diffusion flux along fractal trajectories in porous media
For binary gas mixtures, when temperature and pressure

are uniform everywhere, the diffusion flux of component A
Žalong a single pore can be quantified by Johnson and Stew-

.art, 1965

1 P dyA
N sy 8Ž .A p � R T dLg

where

1q y M rM y1' 1Ž .A A B
�s q

D DAB K A

As described earlier, the trajectory of a molecule’s walk in
the pore zig zags, and the average step length depends on
both the pore structure and the mean free path of the
molecules. So the actual pore length traversed by different
molecules should be different if the average step length is
employed as the yardstick size, leading to the argument that
the pore length of porous media should be of fractal with
respect to gas diffusion. Thus, the jumping trajectory of the
gas molecules in the pore is represented here by a fractal
curve, which is the average over a bunch of curves that indi-
cate all the individual channels inside the porous medium.
The fractal dimension of the curve is used to describe the
tortuous degree of the jumping trajectory of gas diffusion.
Based on dimensional analysis, the curve’s fractal length, L
Ž .or actual length traversed by gas molecules , and the corre-

Žsponding Euclidean length, L , are merged into Mandelbrot,0
.1983; Zhang and Li, 1995

LsLdF� 1ydF 9Ž .0

where � is the yardstick size measuring the length of the
fractal curve, d is the fractal dimension, and L is the cor-F 0
responding projection of the fractal curve. Because the pores
inside porous catalysts are connected to each other like a
web, this fractal dimension is the average one over all the
pores.

If the yardstick size with respect to species A is used to
measure the diffusion distance, the fractal length in Eq. 8
must be replaced by Eq. 9, thus transformed into

1 P dyA
N sy 10Ž .A p 1yd d y1F F� dLR Td � L 0g F A 0

Figure 2. The coordinate plane of catalyst particle.

Put the catalyst pellet into the rectangular coordinates, as
shown in Figure 2. Using the ordinate Z instead of L , Eq.0
10 becomes

N 1 P dyŽ . pA z Asy d y11yd FFcos � � d Zrcos �Ž .R Td � Zrcos �Ž .g F A

11Ž .

The transformation and rearrangement of Eq. 11 leads to

PcosdFq1 � dyA
N sy 12Ž .Ž . pAZ 1yd d y1F F dZ�R Td � Zg F A

The diffusion flux through the whole pellet can be calcu-
lated by way of the pore distribution function, which is de-
fined as the void fraction of the main network pores per unit
interval of pore size, r, and orientation, � The overall flux
through the pellet is found by integrating the flux in individ-

Žual pores Johnson and Stewart, 1965; Feng and Stewart,
.1973

� �r2
N s N f r ,� dr d� 13Ž . Ž .Ž .H H pAZ AZ

0 0

Ž .where f r,� is the pore distribution function. If the porous
structure is isotropic, the pore distribution function has noth-
ing to do with the orientation of pores, and therefore it only

Ž . Ž .varies with the pore radius, that is, f r,� s f r . Then the
term-by-term integration of Eq. 13 gives rise to the following
equations for binary mixtures

B d PD rŽ . ma x�r2 F A B d y1FN s � f r Q drŽ .HAZ AdF rR T M rM y1 H' minŽ .g A B

M � M 14aŽ .A B

B d P y y y dFy1� f r drrŽ .Ž . Ž .ma x�r2 F A0 A H A
N s HAZ dF 1rD q1rDR TH r AB AKg min

M sM , 14bŽ .A B
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where

�r2 d q1FB d s cos � d�Ž . H�r2 F
0

and

1q y M rM y1 qD rD'Ž .A0 A B A B K A
Qs ln

1q y M rM y1 qD rD'Ž .AH A B AB K A

If the pore size is uniform throughout the whole pellet, the
final flux equation based on fractal representation is estab-
lished as follows

d y1FB d PD 	 Q �Ž .�r2 F A B A
N s � M � MAZ A Bž /HR T M rM y1 H'Ž .g A B

15aŽ .
d y1FB d P	 y y y �Ž .Ž .�r2 F A0 A H A

N s � M sMAZ A Bž /HR T 1rD q1rD HŽ .g AB K A

15bŽ .

Ž .where � rH is a dimensionless yardstick size. It is expectedA
that Eq. 15 can result in a reasonable prediction if the pellet
has a narrow pore-size distribution. Otherwise, the effect of
pore-size distribution has to be taken into account. For the
sake of simplification in nonlinear fitting of Eq. 15 with ex-
perimental data, let

N R T M rM y1'Ž .AZ g A B
F s �� M � M 16aŽ .A A A BPD 	 QAB

and

N R T 1rD q1DŽ .A z g AB K A
F s �� M sM 16bŽ .A A A BP	 y y yŽ .A0 A H

Here quantity F is a dimensionless flux of diffusion. So Eqs.
16a and 16b can be changed into the scaling relation that
combines the fractal dimension of the diffusion trajectory, the
dimensionless yardstick size, and the dimensionless flux of
diffusion

dFF sB d � � rH 17Ž .Ž . Ž .A �r2 F A

Ž .The quantity B d virtually acts as an average orienta-�r2 F
tion factor, according to its definition in Eq. 14. But it differs
from the classic treatment proposed by Johnson and Stewart
Ž .1965 in that it included the influence of the curved struc-
ture of the pores. The logarithmic form of the equation is
procured by taking the logarithm on the two sides of Eq. 17

ln F sd ln � rH qB 18Ž .Ž .A F A

Ž .where quantity Bs ln B d .�r2 F

The fitting of Eq. 17 or 18 can be undertaken in terms of
experimentally measured diffusion flux for binary gas mix-
tures. For a given porous medium, if the pore system is
isotropic, the yardstick size for each species of binary gas
mixture can be estimated by using Eq. 7 after the mean free
path and the average pore size are known, where the average
pore diameter is reckoned by the pore-size distribution of the
medium. It should be noted here that the use of the yardstick
size with regard to the average pore size will only work for
narrowly distributed monodisperse porous systems. Further-
more, the dimensionless flux of diffusion is determined from
Eq. 16, in which the experimentally measured flux and con-
centration difference of each run are needed, with the excep-
tion of quantities like pressure and temperature, porosity,
molecular weights, and the yardstick size.

Also, both the molecular diffusion coefficient and Knudsen
diffusion coefficient are required in order to get the dimen-
sionless flux. The molecular diffusion coefficient was esti-

Ž .mated with the Chapman-Enskog theory Cussler, 1997 . The
ŽKnudsen diffusion coefficient was calculated by Cun-

.ningham and Williams, 1980

1r2R T4d g
D s � 19Ž .K ž /3 2� M

After the dimensionless flux and the corresponding yard-
stick size have been determined, the fractal dimension of gas
diffusion trajectories, the only model parameter, can be ob-

Ž .tained by fitting Eq. 16. The quantity B d is also related�r2 F
to the fractal dimension, so this has to be considered in the
fitting. The detailed procedure will be presented later in this
article.

Experimental
Experimental setups

In order to check the proposed flux equation of diffusion
established earlier, experimental setups were established to
present reliable data with detailed information of the catalyst
pellet, binary gas mixtures, as well as operational variables.
Figure 3 shows the flow sheet of the experimental setups.
The diffusion cell was separated into two compartments by
the molded pellet. The function of the two back-pressure reg-

Ž .ulators BPR was to make the pressure in the two separated
compartments constant. The pressure was monitored by a
low-pressure gauge. A U-tube manometer was used to show
the pressure difference between the two compartments. The
system was adjusted to reach equal pressure between the two
compartments before any experiment was performed. The
diffusion cell was put into a gas chromatographic oven, the
temperature of which was controlled by a built-in tempera-
ture-detecting and -controlling unit. Two six-port manual
valves were used to take samples of the upper and lower
compartments and to inject the samples one at a time into
the 3380 Varian gas chromatograph. As shown in Figure 3,
the carrier gas traveled through the two six-port valves in se-

Ž .ries. The sample tubes fixed amount of sample gas of two
six-port valves were both being loaded in this position, that
is, the gas effluents from the two compartments passed
through the sample tubes separately. The sample gas could
be injected into the gas chromatograph by switching the cor-
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Figure 3. Flow sheet of experimental setups.
1. cylinders of diffusion gases; 2. cylinder of carrier gas; 3.
filters; 4. needle valves; 5. rotameters; 6. BPRs; 7. U-tube
manometer; 8. GC oven; 9. propeller; 10. catalyst pellet; 11.
diffusion cell; 12. heater; 13. temperature detecting and con-
trolling unit; 14. six-port valves; 15. sampling tubes; 16.
soap-film flowmeters; 17. 3380 Varian GC; 18. computer with
data processing system.

responding six-port valve after the system had reached steady
state. Since the two sample tubes could be loaded simultane-
ously, the interval between the two sample injections was very
short on the premise that the signals are able to be separated
in the gas chromatograph. This arrangement, wherein the two
six-port valves were connected in series, could make sure the
sampling from the two compartments was taken at the same
time. A computer with a data-processing system was used to
deal with the chromatographic data. The gas flow rates from
the compartments were measured by two soap-film flow me-
ters.

Pellet molding
The amount of NirAl O catalyst powder selected was put2 3

Žinto a stainless steel ring that was 10 mm in thickness the
.inner diameter was 15.8 mm and compressed into a pellet,

leaving about two equal-sized spaces on the two sides of the
pellet. Molding pressure was set at 12 MPa in order to secure
the seal between the two compartments. This unit was used
as a diffusion cell after it had been sealed at both ends. The
leak test was initially performed by using methane as a probe
molecule. The reduction temperature was slowly raised to
200
C and kept there for about 24h. After the diffusion cell
had cooled down to room temperature, the leak test was per-
formed once again. The pellet surfaces exposed to the two
compartments were polished so that the surface and the inte-
rior part of the pellet had the same porous structure.

Wicke-Kallenbach system
The diffusion cell was basically a standard Wicke-Kallen-

bach system except for the modification to the structure of
the sweeping gas distributor. The gas was introduced into the
compartment by way of a distributor, a loop of tubing with
small holes of a sweep angle to the pellet surface. The pellet
surfaces were swept by swirling gas streams with a relatively

Table 1. Characteristics of the Catalyst Pellet

� � d HP S Hg
3 3Ž . Ž . Ž . Ž .kgrm kgrm nm 	 mm

1730.0 2638.1 96.0 0.345 3.84

high flow rate at the holes. The temperature was controlled
within a 0.5
C range by the GC oven. The symmetric length
of tubing was used on both sides to achieve the pressure bal-
ance between the two sides. The tubing volume was also min-
imized to decrease the time lag in the gas sampling and con-
centration measurements.

Selection of gas mixtures, experimental conditions, and
porous catalysts

Nitrogen, carbon monoxide, carbon dioxide, helium, argon,
methane, ethane, and propane were used in the experiment.

Ž . Ž .Nitrogen 99.99% pure , carbon monoxide 99.90% pure ,
Ž . Ž .carbon dioxide 99.99% pure , helium 99.99% pure , and ar-

Ž .gon 99.99% pure were purchased from the Tianjin Oxygen
Ž . Ž .Company. Methane 99.99% pure , ethane 99.9% pure , and

Ž .propane 99.9% pure were supplied by the Yanshan Petro-
chemical Company. Those gases were combined into dozens
of binary gas mixtures. The experiment was performed at
322.7 K and atmospheric pressure.

The catalyst particles used for molding were 0.125�0.150
mm in size. The characteristics of the catalyst pellet are given
in Table 1. Those data were not measured until all the exper-
iments of diffusion over the pellet had been finished. The
pore-size distribution was measured by using mercury
porosimetry and are displayed in Figure 4. The proportion of
macropores formed by the molding of pellets is so small that
the pore-size distribution could be considered to be monodis-
perse.

Results and Discussion
First, the yardstick sizes created by various gas species dif-

fusing in the catalyst pellet were calculated by using Eq. 7,
where the mean free path was procured by Eq. 2. The results
are given in Figure 5. The figure shows that the yardstick size

Figure 4. Pore-size distribution of the catalyst pellet.
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Figure 5. Yardstick size as the function of the mean free
path and pore structure.

is proportional to the mean free path by any means. How-
ever, the proportional relation is strongly influenced by the
pore size of the catalyst pellet. For a given species, the aver-
age step length is affected by the pore diameter, as the pore
wall restricts the free movement of the molecules and re-
duces the step length accordingly. The larger ratio of the
mean free path to the pore diameter means the pore size has
a greater influence on the yardstick size, just as the pore size
does on the effective diffusion coefficient.

As shown in Figure 5, if the pore radius were to be de-
Žcreased from 48 nm the average pore radius of the catalyst
.pellet in this paper to 6 nm, the yardstick size would be

greatly decreased with respect to the same mean free path.
Obviously, this is mainly due to the influence of pore size.
With the increase in the mean free path for a specific pore
system, the ratio of the mean free path to the pore diameter
is increased, which leads to a further intensified restriction
by the pore walls. However, if the pore diameter is increased
for a specific mean free path, the pore effect on the average
step length will be reduced. The pore effect will stop func-
tioning, as the pore size is large enough to make sure that
little restriction on molecular movement exists in the pores.
The diagonal in Figure 5 represents this phenomenon. In this
case, the yardstick size is the mean free path itself. The influ-
ence of pore walls on the average step length in the pores is
too weak to be considered, so no modification on the mean
free path is needed to acquire the yardstick size. This just
corresponds to the molecular diffusion region without the in-
fluence of the pore walls.

This is in very good agreement with what is demonstrated
in pore diffusion. When the ratio of the mean free path to

Figure 6. Variation of dimensionless flux with yardstick
size.

the pore size changes from small to large, the transition from
the molecular diffusion region to the Knudsen diffusion re-
gion also occurs. This shows that using the yardstick to mea-

Žsure the actual diffusion distance in the pores as is done in
.this article reflects the same mechanism as the gas diffusion

process in the porous system.
It is worth noting that the yardstick size will become inde-

pendent of the mean free path when the pore diameter is
small enough. In this situation, the methodology developed
here will fail, as a narrow measurement scale cannot result in
an accurate fitting of the established model and the fractal
dimension, thus compromising the reliability of the model’s
predictions. The variation in the yardstick size with the ratio
Ž .�r 2 r can be broken into three regions compatible with pore

diffusion, as illustrated in Table 2.
As for the experimental investigation, the molar flow rate

together with concentration difference was measured for each
binary gas mixture at 322.7 K and atmospheric conditions, so
that the diffusion flux was found accordingly.

The dimensionless diffusion flux was calculated by Eq. 16
in terms of the experimentally measured diffusion flux, the
physical properties of gas mixtures, and the operational tem-
perature and pressure. The results are illustrated in Figure 6.
Visual observation shows that the prediction performed by
the model equation agrees well with the experimental points,
and the differences are reasonable. The fractal dimension was
obtained by fitting Eq. 18 with the experimentally deter-
mined data of dimensionless flux vs. calculated yardstick sizes
Ž .38 points altogether , the value of which was 1.102. The av-

Table 2. The Effect of Pore Size on the Yardstick Size
Ž .�r 2 r Small Moderate Large

Pore-size effect Slight Moderate Strong
Yardstick size The mean free path The modified mean free path Determined by pore size only
Scale range Pretty large Fairly large Small
Model’s Validity Pretty good fitting Fairly good fitting Poor fitting, not recommended
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( )Table 3. Variation of Orientation Factor B d with�rrrrr2 F
Fractal Dimension, dF

d 1.00 1.06 1.08 1.10 1.12 1.14 1.20 1.30F

Ž .B d 0.7854 0.7764 0.7735 0.7706 0.7678 0.7650 0.7567 0.7434�r2 F

erage relative deviation was only 5.7% with respect to the
flux.

The fractal dimension of gas diffusion trajectories, d , isF
the only model parameter here. Because the orientation fac-

Ž .tor B d , as shown in Eq. 14, is the function of the fractal�r2 F
dimension, d , its variation with the fractal dimension has toF
be taken into account in the fitting process in light of Eq. 17
or 18. Therefore, when the equation is used for the linear

Ž .fitting, B d has to be adjusted to the right value. The�r2 F
Ž .values of B d at different d are listed in Table 3. The�r2 F F

visual observation and the average deviation show that the
model agrees with the experimental data very well, and the
obtained fractal dimension is in the reasonable range.

According to the model assumption presented in the sec-
tion on the mathematical model, the fractal dimension, d ,F
represents the irregularity of the gas diffusion trajectories in
the porous system. In reality, it is the average outcome of the
individual diffusion trajectories. This is because this average
fractal dimension includes both topological and geometrical
information, due to the built-in characteristics of gas diffu-
sion across catalyst pellets. The diffusion of the molecules
through the pores is limited by the reduced energy require-
ment. This implies that not all parts of the porous system are
the same with respect to gas diffusion, and the trajectories of
gas diffusion are the channels with the reduced resistance.
The fractal dimension fitted by experimental data of gas dif-
fusion is the devious measure of ‘‘effective’’ channels instead
of all possible ones. Although this integrated characterization
of pore structure does not provide a clear-cut picture that
shows the geometrical and topological structures separately,
it proves useful in a number of practical applications. For

Ž . Ž .instance, West et al. 1997 , Enquist et al. 1998 , and Gillooly
Ž .et al. 2001 reported fractal models that simulated the trans-

port of nutrients and excretions in the vascular systems of
living bodies. The reduced energy requirement to distribute
the flux of materials was among the model assumptions based
on the actual transport process in living organisms. There-
fore, the integrated information of pore characterization of
this type was needed in order to predict the transport pro-
cess.

As far as the yardstick size is concerned, Coppens and Fro-
Ž .ment 1994 used effective molecular diameters to measure

the actual pore length. This idea was taken from the mea-
surement of the inner surface area proposed by Avnir and his

Ž .coworkers 1984 . The fractality of the surface could be de-
tected by measuring the surface area with molecules of dif-
ferent sizes. As a matter of fact, the different-sized molecules
crawl on the uneven surface, so the surface irregularity can
be felt by means of this close physical touch. However, as for
the molecular movement within the pores, molecules are
jumping on their way from one end to the other. Unlike the
measurement of the inner surface, those molecules do not
touch anywhere on the surface, but only at some limited
points. And each step between two consecutive collisions is

Figure 7. Variation of the mean free path and yardstick
size with effective molecular diameter.

straight. So the irregularity of the diffusion trajectory with
respect to the molecular movement in a pore must be re-
duced compared with that of the pore surface itself. Take the
porous catalyst studied in this contribution as an example.
The surface fractal dimension, D , of the catalyst determinedS
by mercury intrusion is 2.86, which corresponds to 86% vol-

Ž .ume-filling Zhang and Li, 1995 . But the fractal dimension
of the trajectory with respect to gas diffusion is only 1.102,
which represents about 10% plane filling.

On the other hand, the effective molecular diameter is not
proportional to the yardstick size or the mean free path. Fig-
ure 7 gives the differences between the yardstick size and the
mean free path and the effective molecular diameters for var-
ious gases in the present study. These differences do not have
a one-to-one relationship, because the mean free path de-
pends on the overall properties of gas mixtures instead of
those of individual ones. Besides, the difference between the
effective molecular diameter and the yardstick size or the
mean free path can be up to two orders of magnitude.

If the traditional treatment based on the tortuosity factor
is used, then the rearrangement of Eqs. 15a and 15b leads to

PD 	 Q 1AB p
N s � M � M 19aŽ .AZ A B�R T M rM y1 H'Ž .g A B

P	 y y y 1Ž .p A0 A H
N s � M sM 19bŽ .AZ A B�R T 1rD q1rD HŽ .g AB k A

Comparing Eq. 19 with Eq. 15, the following relationship is
attained:

1y dF1 �
� s � . 20Ž .ž /B d HŽ .�r2 F

Variable analyses of Eq. 20 predict that the traditionally
defined tortuosity factor is relevant to the pore structure, the
involved diffusion species, and operational temperature and
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pressure. This agrees well with what was demonstrated by
Ž .Satterfield 1970 , where both ‘‘length factor’’ and ‘‘shape

factor’’ were included in the tortuosity factor. Although the
same influential factors are considered, the two treatments
describe the problem from different angles. Nonetheless,
since the influence of the tortuous degree in the pore axial
and radial directions was represented by two parameters in
the former treatment, the introduction of one more ad-
justable parameter made the problem even more compli-
cated. Quantitatively, the tortuosity factor is defined as the
ratio of the actual distance molecules travel across the pellet
to its geometric thickness

L
� s 21Ž .

H

By comparing Eq. 21 with Eq. 20, we see that the actual dis-
tance traversed by molecules with regard to gas diffusion in
porous catalyst pellets is

1
1yd dF FLs �� H 22Ž .

B dŽ .�r2 F

Here the influential factors, such as the tortuous degree of
trajectories, pore size, physical properties of gas mixtures,
operational temperature, and pressure, have all been in-
cluded. In practical applications, the tortuosity factor with re-
spect to a porous catalyst was attained by averaging a number
of experimentally determined tortuosity factors for various
diffusion species andror under different operational temper-
atures and pressures. Up to now, the tortuosity factor mea-
sured by experiment has been typically in the range from a
little bit higher than 1 to 16, depending on many factors such
as the structural properties of the porous media, the experi-
mental method, and even the theoretical treatment. So far,

Figure 8. Tortuosity factor as a function of yardstick size
for various fractal dimensions.

Figure 9. Comparison between measured tortuosity
factor and its prediction by Eq. 20.

few researchers have noticed that even diffusion species
themselves affect the value of tortuosity factors.

The tortuosity factor can be predicted through Eq. 20. Fig-
ure 8 presents the tortuosity factor over a wide range of di-
mensionless yardstick sizes with regard to different fractal di-
mensions. Since the dimensionless yardstick size is the ratio
of two length scales, we can consider it to be a relative scale.
The tortuosity factor obtained in each run of our experiments
is given in Figure 9, which shows that the experimental points
Ž .open angles fit in with Eq. 20 quite well. The methodology
established in this article is especially significant when the
scale range is large or the tortuous degree of the system is
remarkable. The method based on the average tortuosity fac-
tor is only a simple approximation, which will fail when the
discussed scale range is extensive due to the large difference
between tortuosity factors across it. If the tortuous degree is
large, the method based on the average tortuosity factor will
also result in significant deviation, even if the discussed scale
range is small. The prediction of Eq. 20 shows that the tortu-
osity factor can vary from about 1.27 to over 25 for not very
tortuous porous systems. For a fixed pore structure, the tor-
tuosity factor depends on the relative scale, �rH.

The pellet size of ordinary catalysts is determined by the
process and reactor where it is to be used. Considering the
increase in diffusion resistance with particle size, the upper
limit of catalyst pellets used in packed beds is 1r2 in. in di-
ameter. But for fluidized beds, smaller particles are likely to
be entrained. The particle size has to be over 20
m in diam-

Ž .eter Satterfield, 1970 . As far as porous inorganic mem-
branes are concerned, modification is usually made for effi-
cient gas separations and reactions leading to a thin layer on
the very top of the membrane. The top-layer, a major part
where diffusion resistance through the membrane is con-
cerned, occurs in a wide range of thicknesses from nanome-

Žters to micrometers de Lange et al., 1995; Soria, 1995;
.Saracco et al., 1999 . The pore size of both catalyst pellets
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and porous inorganic membranes may range from several
Žangstroms up to micrometers Satterfield, 1970; de Lange et

al., 1995; Soria, 1995; Wegner et al., 1999; Mezedur et al.,
.2002 . The upper limit of the yardstick size is the mean free

path itself. It should be smaller than 200 nm according to the
mean free path of hydrogen at ambient pressure and temper-
ature. On the basis of the preceding information and analy-
sis, the relative scale for both porous catalysts and mem-
branes ranges from 10y7 to 1, as shown in Figure 8. It is
evident that the relative scale for membranes is larger com-
pared to catalyst pellets. The prediction performed by Eq. 20
shows that the tortuosity factor for catalyst pellets must be
larger than that for membranes because of the relative scale
difference, which is in fairly good agreement with the existing
experimental results in the literature. The typical values of
the tortuosity factor are 2�6 for catalyst pellets and 1�2

Žfor porous membranes Satterfield, 1970; Langhendries and
Baron, 1998; Salmas and Androutsopoulos, 2001; Mezedur et

.al., 2002 . Qualitatively speaking, this implies that the predic-
tion by Eq. 20 is valid for both ordinary catalyst pellets and
porous membranes. The restriction imposed by the values of
tortuosity factors implies that the fractal dimension is un-
likely to exceed 1.20 for both ordinary catalyst pellets and
membranes.

Finally, it is worth mentioning here that the catalyst pellet
investigated in this article has only a monodisperse pore
structure. Both theoretical and experimental results have
demonstrated that the mathematical model and methodology
developed in this contribution are quite satisfactory. Regard-

Žing the catalyst pellets with macro�micro distribution or bi-
.modal porous structure , the methodology developed in the

present study has to be modified further. The research work
in this respect will be reported in a separate article where the
mathematical model will be derived based on stochastic anal-
ysis.

Conclusions
A mathematical model and the methodology were devel-

oped for predicting the diffusion flux of binary gas mixtures
in porous media. The model was developed based on the
fractal analysis of the actual diffusing distance of gas diffu-
sion in porous media, in which the diffusing trajectory of gas
molecules was represented by fractal curves. As the only
model parameter, the fractal dimension of diffusing trajectories,
d , was used to measure the tortuous degree of pore struc-F
ture with respect to gas diffusion. In addition, a yardstick was
devised as the average step length to measure the actual dif-
fusing distance of gas molecules in porous media. Starting
with the mean free path and the mechanism of pore diffu-
sion, the equation evaluating the yardstick size, � , was de-
duced. It was shown that � could be estimated if variables
like pore size, diffusion species, temperature, and pressure
were known.

The molar flow rate, together with the concentration dif-
ference, was measured for 19 groups of binary gas mixtures
in a steady-state Wicke-Kallenbach diffusion cell molded with
3.84-mm catalyst pellet. Thus, the diffusion flux was deter-
mined. By fitting the experimentally determined flux with the
model equation, the fractal dimension of diffusion trajecto-
ries was attained, that is, d s1.102 . It showed that the modelF

prediction was in fairly good agreement with the experimen-
tal results with an average deviation of 5.7%. The fractal
characterization of gas diffusion in porous media was experi-
mentally affirmed. The model was very satisfactory with re-
spect to the monodisperse porous catalyst pellet investigated
in the article.

Unlike the traditional treatment that lumped all the possi-
ble influencing factors into the tortuosity factor, the method-
ology developed here used another parameter, the yardstick
size, to account for the effect of pore size, diffusion species,
temperature, and pressure on diffusion flux. The effect of
pore size on the yardstick size was just the same as that
demonstrated for pore diffusion. This showed that the mea-
surement of actual pore length conforms to the mechanism
of pore diffusion. Because the molecules jumped across the
pore step by step, the yardstick size was claimed to be more
appropriate than the effective molecular diameter in measur-
ing the actual pore length with regard to gas diffusion in
porous media. Thus, the tortuous degree of diffusing trajec-
tory is much less than that of the pore surface. A detailed
comparison with the traditional treatment in light of the tor-
tuosity factor demonstrated that the model and methodology
established in this article would be especially significant for
very tortuous pore systems. In addition, according to an anal-
ysis of experimental data in the literature, the model can also
apply to gas diffusion in membranes.
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Notation
dspore diameter, m

d s fractal dimension of gas-diffusion trajectories in porous cat-F
alysts

D sbinary molecular diffusivity, m2rsA B
D seffective diffusion coefficient, m2rseff
D sKnudsen diffusion coefficient, m2rsK
D sdiffusion coefficient in pore, m2rsp

d saverage pore diameter by mercury intrusion, mHg
k sBoltzmann constant, JrKB

Ž . 2 3f r,� spore distribution function, m rm
Fsdimensionless diffusion flux defined by Eq. 16
Hspellet length, m
Lsactual distance traversed by molecules in diffusion, m

L sprojection of actual diffusion trajectory, m0
Msmolecular weight, kgrkmol

N spore diffusion flux of A along moving direction, molrm2 � sA p
Ž . 2N spore diffusion flux of A along Z-direction, molrm � sA Z p

N sdiffusion flux of A on the whole pellet along Z-direction,A Z
molrm2 � s

nsnumber of moles
Pstotal pressure, Pa
pspartial pressure, Pa
Rscorrelation coefficient

R sgas constant, Jrmol �Kg
rspore radius, m
rsaverage pore radius, m
Sscross-sectional area, m2

Ts temperature, K
Vs volume, m3

®sspecific volume, cm3rg
X,Yscoordinate axes
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ysconcentration in mole fraction
Zscoordinate axis parallel to the diffusion

Greek letters
�squantity defined in Eq. 8
�s yardstick size, m
�smean free path, m
	sporosity of catalyst pellet

� sbulk density of catalyst pellet, kgrm3
p

� ssolid density of catalyst pellet, kgrm3
S
�seffective diameter of molecule, m

� smean effective diameter of molecules j and i defined asji
Ž .� q� r2j i

�s tortuosity factor

Subscripts
A, B, iisspecies A, B, i, jj

Fs fractal
Gspoint G
pspore

Abbre©iations
BPRsback-pressure regulator
GCsgas chromatograph

PSDspore-size distribution
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